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Abstract. We show that if the graph of a bounded analytic function in the unit disk 
D is not complete pluripolar in C 2 then the projection of the closure of its pluripolar 
hull contains a fine neighborhood of a point p £ <9B. On the other hand we show 
that if an analytic function / in D extends to a function T which is defined on a fine 
neighborhood of a point p £ <9B and is finely analytic at p then the pluripolar hull 
of the graph of / contains the graph of T over a smaller fine neighborhood of p. We 
give several examples of functions with this property of fine analytic continuation. As 
a corollary we obtain new classes of analytic functions in the disk which have non- 
trivial pluripolar hulls, among them C°° functions on the closed unit disk which are 
nowhere analytically extendible and have infinitely-sheeted pluripolar hulls. Previous 
examples of functions with non-trivial pluripolar hull of the graph have fine analytic 
continuation. 



1. Introduction 

A subset E of a domain $7 C C N is called pluripolar in Q, if for all z € E there exist a 
connected neighborhood U z of z in f2 and a plurisubharmonic function u(z, w) ^ -co 
defined on U z such that 

E n U z C {(z, w) £U Z : u(z, w) = -oo}. 

By Josefson's theorem (see j.Tosj ) . a set E C is pluripolar if and only if there exists 
a globally defined plurisubharmonic function u(z, w) such that 

E C {(z,w) E : u(z,w) = -oo}. 

In other words a pluripolar set is a subset of the — oo-locus of a globally defined plurisub- 
harmonic function. Pluripolar sets are the exceptional sets in pluripotential theory. This 
motivates the interest in understanding the structure of pluripolar sets. A set E C SI is 
called complete pluripolar in f2 if E is the exact —oo-locus of a plurisubharmonic func- 
tion defined in f2. On the contrary, some subsets E d Vt (e.g. proper open subsets of 
connected analytic submanifolds) have the property that any plurisubharmonic function 
which is — oo on E is — oo on a larger set. This leads to the notion of the pluripolar hull 
Eq (see |LePoj ) of a pluripolar subset E C fl, 

E* n = f f]{zGn:u(z) = -oo}, 

where the intersection is taken over all plurisubharmonic functions in f2 which equal — oo 
on E. In general, it is difficult to describe the pluripolar hull of a given set E. Initiated by 
a paper of Saddulaev ( |Sadj ) the pluripolar hull of graphs of certain analytic functions 
has been studied in a number of papers (see e.g. |EdWilj . |EdWi2j . |EdWi3j . |LePoj . 
^icT].[^2]. [WieTj and |WieS] ). 

For a subset A of the complex plane C and a complex valued function / on A we denote 
by Tf(A) the graph of / over A, 

T f (A) = {(z,w)eC 2 :zeA,w = f(z)}. 
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Let / be a holomorphic function in the unit disk ID C C. Clearly Tf(D) is a pluripolar 
set. It is a natural attempt to relate non-triviality of the pluripolar hull of Tj(D) to the 
existence of analytic continuation or various kinds of generalized analytic continuation 
of / across some part of <9B. In [LeMaPo] Levenberg, Martin and Poletsky conjectured 
that if / is analytic in B and / does not extend holomorphically across <9B, then Ty(B) 
is complete pluripolar. This conjecture was disproved in |Ed Wi2j . In |Sicl| . Siciak 
noticed that the function in EdWi2 possesses pseudo continuation across a subset of 
the circle of full measure and showed that the pluripolar hull of its graph contains the 
graph of the pseudocontinuation. He also noticed that if an analytic function / in B 
admits pseudocontinuation through a set E of positive measure on the circle and the 
graph of the non-tangential limits is in the pluripolar hull of Tj(B) then also the graph 
of the pseudocontinuation is in the mentioned pluripolar hull. In |Siclj he showed by an 
example that the existence of pseudocontinuation of the function / is not necessary for 
non-triviality of the pluripolar hull of Tj(B). 

The notion of fine analytic continuation seems to us better adapted to understand 
pluripolar completeness of graphs. 

Recall that the fine topology was introduced by Cartan (see e.g. |Brej ) as the weakest 
topology for which all subharmonic functions are continuous. A neighborhood basis of 
a point in this topology consists of sets which differ from a Euclidean neighborhood of 
this point by a set which is thin at this point. Thin sets were introduced by Brelot. A 
set F C C is thin at a point £, if either £ is not in its closure F or £ 6 F and there exists 
a subharmonic function V in a neighborhood of £ such that \im z€ p iZ _^^V(z) < V(£). One 
can always choose V in such a way that the limit on the left equals — oo. For a point 
p € C and a positive number r we denote by D(p, r) the open disk of radius r and center 
p. 

By a closed fine neighborhood V of p we mean a connected closed set which has the 
form B \ U for some connected closed set B and an open set U C C which is thin at 
p. Note that U can be taken simply connected. We will often consider B = D(p, r) for 
some r > 0. 

Definition 1. A continuous function J on a closed fine neighborhood V of a point 
p € C is called finely analytic at p (on V) if T can be approximated uniformly on V by 
analytic functions T n in a neighborhood U{J- n ) of V . 

We will say that a continuous function on a subset S of C has the Mergelyan property 
if it can be approximated uniformly on S by analytic functions in a neighborhood of 
S. Mergelyan's Theorem states that for compact sets K with finitely many components 
of the complement all continuous functions on K which are holomorphic in the interior 
Int-KT have this property. 

Note that the term finely analytic functions is well known and is used for functions 
which have the Mergelyan property on a finely open set. Here we consider only the local 
definition above (we do not require that V contains a fine neighborhood of each of its 
points). Even in this local situation a weak version of the unique continuation property 
holds (see Proposition 3 below). 

Definition 2. Suppose / is analytic in the unit disk B. Let p be a point on the unit 
circle <9B. We say that / has fine analytic continuation J- at p if there exists a closed 
fine neighborhood V of p such that V H B D D(p,r) n B for some r > 0, and a finely 
analytic function T at p on V such that ^"(nny = /• 

Remark 1. The conditions of Definition[2]are satisfied, in particular, if V = D(p, r) \ U, 
where r>0, U cC\Bis open and thin at p and T = Q + C on V, where Q is analytic 
on D(p, r) and continuous on D(p, r), and C is the Cauchy-type integral of a finite Borel 
measure \x concentrated on U such that for an increasing sequence of compacts n n <ZU 
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the functions 

Cii{ z ) = f ~1 j z (£l K n , 

converge uniformly to C{z) on V. 

Note that in Definition |2] we do not require that the set V \ B has interior points. 
Nevertheless, by the mentioned weak unique continuation property, if fine analytic con- 
tinuation to a given set V exists then it is unique on a, maybe, smaller fine neighborhood. 

Here are examples of analytic functions in the unit disk which allow fine analytic con- 
tinuation at certain point of the unit circle. 

Example 1. The functions constructed in |Siclj and [EdWi2 satisfy the definition. 
Indeed, they have the following form. Let {fln}^! be a sequence of points contained 
in C\B which cluster to a subset of cffi> and do not have other cluster points. Let 
D(a n ,p n ) C C \ D be a sequence of pairwise disjoint disks around a n of radius p n > 

such that U d = U^Li D(a n , p n ) is thin at a point p E <90. Let c n be a sequence of 
complex numbers such that ^ \c n \ < oo and \c n \ < (l/n 2 )p n . Define 

oo 

z G C \ U D{a n , p n ). 

n=l 

It is immediate to check that the conditions of Definition [21 are satisfied. 



£ 

n=l 



Example 2. Let U C C \ D be open, relatively compact and thin at every point of 
the unit circle <9D, and suppose moreover that C \ U is connected. Such sets can easily 
be obtained by first choosing points p n which accumulates to each point of <9D and to 
no other point, then choosing p n > such that the disks D(p n ,p n ) are pairwise disjoint 
and do not meet D. Choosing then a n > so that the series ^ a n log(\z —p n \/Pn) 
converges to a subharmonic function which is non-negative outside |J D(p n , p n ) and, 

def 

finally, choosing r n > such that the function is less than -1 on [/ = U D{jp n , r n ). Let 
T be a C 1 function on C (here C denotes the Riemann sphere), such that dJ- = on 
C n U. By the Cauchy-Green's formula 

T{z) =-- ff 4^dm 2 (0 + Hoc), 
n JJu ? - z 

Since the density dJ- is bounded and the Cauchy kernel is locally integrable with respect 
to two-dimensional Lebesgue measure, the function / = T\o has fine analytic extension 
at each point p £ dD, moreover, T has the Mergelyan property on C \ U. 

More generally, let U be as described and let g £ L 2+e (C) for some e > and g = 
outside U. The function 

def Iff g{i)dm 2 {£) 



«-2 



satisfies the condition of Definition Inland has the Mergelyan property on C \ U. If g is a 
C°° function then J 7 is a C°° function on the whole Riemann sphere. If g is continuous 
and in addition g > and g > at some point of each connected component of U, 
then / = T\o does not have analytic extension across any arc of 9D. Indeed, suppose 
it has analytic continuation f p to a disk D(p,r) for some p € <9B. By Proposition 3 
below f p coincides with the fine analytic continuation T on some fine neighborhood V\ 
of p. V\ contains a circle dD(p,p), < p < r. (This is well known. The reader who 
is not familiar with potential theory will find a proof below in Section 2.) Let n n C U 
be an exhausting sequence of compact subsets of U. Since V\ C C \ U for each n, 
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n n n dD(p, p) = and 

= f fpdz = lim f dz f f ———dm2(£,) 

J\z-p\=p n ^°° ^ J\z-p\=p JJ Kn £,- z 

= lim -i // dm 2 (£)£F(0 / — = 



l\z-p\=p 

lim — // dm 2 (C)5JP(e) • XD( P , P )(£) # 0. 



Here XD(p,p) ls the characteristic function of the disk D(p,p). The contradiction proves 
the assertion. 

Example 3. The third example is related to pseudocontinuation across certain subsets 
of positive length of the unit circle. 

Definition 3. A function / which is analytic in B is said to have pseudocontinuation 
from B across the set £ C <9B of positive measure to a domain -D e c{zEC:|2:j>l} 
if for all z € £ the domain D e contains truncated non-tangential cones with vertices 
at z, and there exists an analytic function / in D e , such that / and / have the same 
non-tangential limits at z. In this case we call / the pseudocontinuation of /. 

For convenience we will specify the situation in the following way. We will restrict 
ourselves to the case where £ is closed and the angles and the diameters of the truncated 
non-tangential cones in D e are uniformly bounded from below by positive constants. 
Shrinking perhaps £ and D e we may assume that D e is a bounded domain, moreover, 
that it consists of the union of all open truncated non-tangential cones with symmetry 
axes orthogonal to the circle and that all the mentioned cones have the same angle and 
the pseudocontinuation is continuous in D e . So, D e has the shape of a "saw" near £ . 
Replace ID by a domain Dj C D which is symmetric to D e in a small neighborhood of £ 
in such a way that the bounded components of the complement of Di U D e are similar 
rhombs 0; containing the complementary arcs of £ in the circle. (The endpoints of one 
of the symmetry axes of the rhomb 0/ are the endpoints of a connected component of 
<9B n. £ .) Assume that the unbounded component of C \ (D e U Di) intersects <9B along 
a connected arc. We may assume that the construction is made so that the original 
function is continuous in D-i. 

The original function together with its pseudocontinuation across £ defines a continuous 
function on Di U D e , which is analytic in Di U D e . Denote the space of such functions 
by A(AUA0. 

It will be convenient to give the third example with ID replaced by Di. It can be stated 
for ID instead with obvious changes. 

Proposition 1. Let Di,D e and £ be as above and let f £ A(Di U D e ). Put U = 
C \ {Di U D e ). If U is thin at a point p € £ and f is Holder continuous of order 
a € (0,1], then f\n i has fine analytic continuation f\y x at p for a fine neighborhood 

Vi c aua; of P . 

Note that the fact that £ has positive length follows from the fact that its complement 
in <9B is thin at p. 

We will prove Proposition ^ in Section [3 The following Theorem holds. 

Theorem 1. Let f be analytic in B and let p G dO. Suppose f has fine analytic 
continuation T at p to a closed fine neighborhood V of p. Then there exists another 
closed fine neighborhood V\ C V of p, such that the graph ry(Vi) is contained in the 
pluripolar hull o/Tj(B). 

o o 

Moreover, if IntV \ B has a connected component V which is not thin at p then ry (V) 
is contained in the pluripolar hull ofTf(D). 
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If V = D(p, r) n U with U open and thin at p and U \ B is also thin at p then there 
exists a unique connected component of IntV \ B = {|z — p\ < r, \z\ > 1} \ U which is 
not thin at p. 

Note that Theorem ^ holds as well in the situation of Proposition ^ with B replaced by 
Di. Theorem ^ can be slightly generalized. 

Theorem 2. Let T be finely analytic on a closed fine neighborhood V = D(p, r) \Z7 of a 
point p£C. Let 7 be a smooth arc, 7 : [—1, 1] — > C with 7(0) = p, which divides D(p, r) 
into two components D + (p,r) and D_(p,r). Suppose U \ 7 is thin at p. Then there 
are unique connected components V+ and V- of D + (p,r) \ U and D-(p,r) \ U which 
are not thin at p. For those we have that the pluripolar hull ofTjr(V + ) is contained in 
IV(V_) and vice versa. 

Corollary 1. Let Di, D e and £ be as described before Proposition^ and let f E A(Di U 
D e ). IfU = C n (Di U D e ) is thin at some point p E £ and f is Holder continuous of 
order a € (0, 1] then T f(D e ) is contained in the pluripolar hull ofTf(Di). 

Theorem 12 and Corollary Q has the following consequence. 

Corollary 2. There exist univalent analytic functions in the disk which are smooth up 
to the boundary and are nowhere analytically continuable and have an analytic manifold 
in the non-trivial part of the pluripolar hull of the graph. 

Functions with the mentioned property except univalency were constructed in jEdWi2 . 
Theorem n and Example 2 give further classes of functions with the mentioned property 
(not necessarily univalent functions). The present constructions are simpler then those 
in |EdWi2j . 

Denote by 717 the projection onto the first coordinate plane in C 2 , it\ (z\,Z2j = z\ for 
z = (z\,z-i) € C 2 . Theorem^and its corollaries have the following counterpart. 

Theorem 3. Let f be analytic in B. Suppose (r^(B))£ 2 is not contained in B x C. 

def 

Put E = (Tj(B))^2- Then n\(E) contains a fine neighborhood of a point p E <9B (i.e. 
C \ tti(E) is thin at p). 

For bounded analytic functions the following sharper version of Theorem |21 holds. 

Theorem 4. Let f be a bounded analytic function in B whose graph is not complete 
pluripolar in C 2 . Then 7Ti((ry(B))£, 2 ) contains a fine neighborhood of a point p G <9B. 

The reduction of Theorem to Theorem 01 follows immediately from results in |Ed Wi3 . 

Lemma |21 in Section 3 shows that Theorem can be slightly improved. We will not give 
the corresponding statements here. 

Corollary 3. Let T> = B U D, where D is a domain, D C C \ B, which contains a 
truncated non-tangential cone of fixed size with vertex z for each z G £, 8 a closed subset 
of positive length on <9B. Let f be holomorphic in T> and continuous inD = BUD (hence 
/|d and f\o are pseudocontinuations of each other across the set £). Suppose C \ V 
is non-thin at every point z E <9B and Tf(T>) is complete pluripolar. Then r^(B) is 
complete pluripolar. 

Note that functions / with the mentioned properties exist (see |Edlj . to appear). Corol- 
lary Estates roughly that if two analytic manifolds in C 2 have contact along a set which 
is not massive enough in potential theoretic terms then the property of plurisubharmonic 
functions in C 2 to be —00 does not propagate from one of the manifolds to the other 
one. 

Proof of Corollary^ E = (rj(B)* 2 ) C Ff(V) since the latter set is closed and complete 
pluripolar. Hence tt\(E) C T> and C\tti(E) D C\T> is non-thin at any point p E <9B. □ 
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Note that the set V in Theorem ^ and the set E in Theorem |3] were assumed to be 
closed. It would be interesting to remove the condition of closeness. We conclude this 
Section with an example of fine analytic continuation to a set with no interior points 
outside the unit disk, with an example with infinitely sheeted pluripolar hull and with 
some open problems. 

Problem 1. Is 7n((I7(B))* 2 ) finely open ? 

Problem 2. Let / be analytic in B, not necessarily bounded. Suppose that the pluripo- 
lar hull of Tt (B) is contained in B x C. Does this imply that Tt (B) is complete pluripolar 
in C 2 ? 

Example 4. Consider all points in C\B with rational coordinates. This set is countable 
and accumulates, in particular to the whole circle <9B. As in Example 2 there exists a 
subharmonic function U which is — oo on this set and non- negative at each point pSD. 
Let U be the set of points on which U < — 1. U is open, contained in C \ B and it 
is thin at each point of the unit circle. Moreover C \ U is connected, i.e. U is simply 
connected which is a consequence of the maximum principle. 

Let J- be a continuous function on C \ U which has the Mergelyan property on each 
compact subset of C \ U and has complete pluripolar graph Tjr(C \ U). Such functions 
were constructed in [Edl for arbitrary closed subsets of C. Then / = J 7 ^ is analytic 
and / has fine analytic continuation at each point p £ <9B. Hence by Theorem |2] there 
exists a set A\ which contains a fine neighborhood of each point of the circle, such that 
the graph Tjr(A\) is in the pluripolar hull of Tjf(B). However the mentioned pluripolar 
hull is contained in Tj?(C \ U), and the set C \ U does not have interior points outside 
the unit disk B. Hence in this case the non-trivial part of the pluripolar hull of Tj-(B) 
does not have analytic structure, i.e. there is no piece of a non-trivial analytic manifold 
contained in it. The following problems arise. 

Problem 3. Let / be analytic in B. Suppose 7Ti((Tj(B))^2 has an interior point p 
outside B. (Note that here we consider the pluripolar hull itself, not its closure!) Is 
there a neighborhood V p of p in C and a relatively closed subset X of V p x C such that 
X C (rj(B))^ 2 and X is a "limit" (e.g. in the Hausdorff topology) of relatively closed 
analytic varieties in V p x C? 

Problem 4. Let / be analytic in B and suppose that Tj(B) is not complete pluripolar. 
How big can the fiber of (rj(B))^, 2 be over a "generic point" in 7Ti((rj(B))^ 2 )? Can it be 
more than countable ? Does (ry(B))j£, 2 contain the graph of a reasonable function over 
a sufficiently massive subset of C which reflects certain generalized analytic continuation 
property of / ? 

We have the following example in mind. 

Example 5. By a segment we mean the (closed) part of a real line in C which joins 
two points in C. Let U be as in Example 2. Consider a sequence of pairwise disjoint 
segments cr n contained in U which accumulates to the whole circle <9B and does not 
have other limit points in C. Denote the endpoints of the segment a n by a n and b n and 
associate to a n the branch of the function \J{z — a n )(z — b n ) on C \ a n which equals 
z + 0(1) near oo. We will use this notation only for the mentioned branch. Let c n be 
complex numbers so that \ c n\ < oo. Let F(z) = Yl °n\/ (z — o, n )(z — b n ) on C \ U. 
The series converge uniformly on compacts in C \ U. The function / = T\n has fine 
analytic continuation at each point of <9B. Moreover, T has the Mergelyan property on 
compacts in C \ U. By Theorem ^ the graph r^r({|z| > 1} \ U) is in the pluripolar 
hull of Tf(D). Since T has single-valued analytic continuation to \\z\ > 1} \ \]o n ^ the 
graph of J- over this set is contained in the pluripolar hull of Tj(B) too. 

Fix a number n. The graph of the function yj (z — a n )(z — b n ) over C % a n is an open 
subset of the algebraic curve {(z,w) G C 2 : w 2 = (z-a n )(z-b n )}. There is a neighbor- 
hood U n of a n such that Y^l^n Cl V ( z ~ a l) ( z ~ M ^ s analytic in U n . Hence the analytic 
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set 



A n = {(z,w) € U n x C : (w -J^qV \z - ai)(z - b{)) 



c 2 n {z - a n )(z - b n )} 



contains the graph Tjr{U n \ a n ) and is therefore in the pluripolar hull of T^{U n \ a n ) 
and, hence, of Tj(B). The set A n has two sheets over U n \ a n , the second sheet is the 
graph of the function 



This function has analytic continuation to (C \ D) \ U. Moreover, it has the Mergelyan 
property on compact subsets of C \ U. By Theorem |21 it has fine analytic continuation 
at each point of 9B to the disk D. We obtained that the pluripolar hull of I"/(B) 
contains a two-sheeted branched covering over the set DU(C\ (®U|J^ ra 07)), the points 
a n and b n being the branch points. Repeating the argument for all other endpoints 
of the segments, we obtain that the pluripolar hull of IWB) contains an infinitely- 
sheeted branched covering (countably many sheets over generic points) over the set 
C \ <9B with branch points {a n } and {b n }. Note that the sheets over B are graphs 
of analytic functions. Moreover, the covering is unbranched over C\ (TU |J n ({a n } U 
{b n })). The infinitely-sheeted branched covering over C \ <9B can be approximated by 
analytic subsets of (C \ <9B) x C, the sheets of which over C \ |J™ 07 are the graphs 
of T n {z) = Ya=x i c JV ( z ~ a i)( z ~ W) with all possible choices of + and — . Note that 
similar arguments as in Example 2 show that the function / is nowhere analytically 
extendible across OB. Choosing the c n more carefully we may reach that / is of class 
C°° on the closed unit disk. 

When this paper was written we received a preprint of Zwonek |Zwoj where he con- 
structed an analytic function in B which does not have analytic extension across 9B and 
for which (r^(B))^ 2 has at least two sheets over B. 
Problem 5. Is (r^(B))^ 2 related to a suitable positive (1, l)-current ? 
In Section |21 of the paper we will prove Proposition^ Theorem^ and its corollaries. In 
the remaining Section |3] we will prove Theorem |3 



In this section we will prove Proposition ^ Theorem ^ and its corollaries. Recall that in 
Proposition n w e consider domains Di and D e , Di C B and D e C C \ B, such that the 
bounded components of C \ {Di U D e ) are similar rhombs Oz f° r which the endpoints of 
one of the symmetry axis are the endpoints of a connected component of <9B \ E. Here 

def 

£ = Di n D e . The following Lemma will be useful. 

Lemma 1. Let |J ; 1\ be a union of open pairwise disjoint arcs on <9B which is thin at 
p G <9B. Denote by [J l Oz the union of closed similar rhombs with the property that two 
opposite corners of Oi are the endpoints of 1\. Then |J Oz is thin at p. 

For the proof we need the following proposition which is interesting in itself. 

Proposition 2. Let E C C be thin at the point € E. Let T : C — > C be a mapping 
which satisfies a Lipschitz condition (\Tz\ — Tz<i\ < C\z\ — z%\ for Z\,Z2 € C) and such 
that T(0) = and \Tz\ > c\z\ for z £ C. (C and c are positive constants). Then the set 
TE is thin at 0. 

This proposition was known already to Brelot. Since a slightly weaker assertion is stated 
in |Brej (see chapter 7, paragraph 2 ) and we were not able to find an explicit reference 
for Proposition [21 we sketch the proof for the convenience of the reader. 




2. Non-Trivial hull. 
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Proof. Since E is thin at there exists a subharmonic function V in a neighborhood of 
with V(0) > — oo and lim^g^i £_>q V(£) = — oo. Using the Riesz representation theorem 
and subtracting a harmonic function we may assume that V has the form 



V(z) = J log |C - z\dn(0 



for a positive Borel measure fx. Define the measure H\, H\{A) = /i(T 1 (A)) for each 
Borel set A, and put 

V l (z) = J log|£-4^i(£). 

Then 

Vi(Tz) = J log \t-Tz\d» 1 (0 = J log\TZ -Tz\d[x(0- 
Hence Vi(Tz) < V{z) +logC- |HI and Vi(0) > V(0) + logc- \\n\\. □ 

Proof of LemmaUl Note first that [J l Ii is thin at p if [J l Ii is, since the sets differ by a 
countable (and hence thin) set. Denote by A the union of the boundaries of the rhombs. 
Let A + and A_ be the parts of A which are contained outside the unit disk and inside 
the closed unit disk, respectively. Both A + and A_, can be represented as graphs over 
a part of dO; 

A + = {r + e^| r+ = r + (<f>), e** G {jTi} and A_ = {r_e**| r_ = r_(0), e** € |Jij}. 

The mapping T(e 4 ^) = r + e 4(?i where e 1 ^ € (J ; can be extended to the whole plane as 
a Lipschitz continuous mapping which satisfies the conditions of Proposition |^1 with 
replaced by p. (The same is true for the mapping T{e 1 ^) = r_e*^). Since thinness is 
invariant under translation, Proposition [21 shows that both, A + and A_, are thin at p. 
Therefore their union A + U A_ = A is thin at p. Since the union of the boundaries of 
the closed rhombs is thin at p we conclude that the union of the closed rhombs is thin 
at p. □ 

We need the following immediate consequence of Lemma ^ 

Corollary 4. If U = [J l 0/ is thin at p € <9B then also U \ D is thin at p. 

Proof Indeed, F\D = UiO^\S. □ 

We will make use also of the following three observations. 

If the union of rhombs (J 0; is thin at p there are arbitrarily small numbers r > with 
the property that dD(p,r) n \J 0i = 0- (See |Brej or Proposition El with Tz = \z\ after 
suitable translation). 

Moreover, looking at connected components of the union of closed intervals and replacing 
the previous rhombs by closed rhombs associated to these connected components in the 
same way as above, we may assume that the 0;:s are pairwise disjoint. 

If U 0/ is thin at p then there exists another sequence of similar (open) rhombs 0j 
associated to disjoint open arcs V- of <9B, such that (J is thin at p and (J 0; C (J §j. 
In fact, |J 1 1 is thin at p. If for a subharmonic function V hin^y j ; z ^ p V( z ) < a < V(p), 
then for each I\ contained in a small neighborhood V p of p supj ; V < a, hence supj ; V < a 

for some open arc 1/ D Ii- Take also for the other arcs I\ suitable open arcs containing 
them. The set (J z is thin at p. Let the be the connected components of the latter 
union and associate rhombs 0j to them. 

Proof of Proposition We will assume that the 0z in the statement of Proposition ^ 
are pairwise disjoint (shrinking otherwise the sets Di and D e ) and prove fine analytic 
continuation to D(p, r) x |J ■ Oj for a suitable small r > and the rhombs 0j described 
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above. We may assume that r > is chosen so that dD(p,r) does not meet |J . Oj 
(by the remark above). Keep notation Oz for only those of the original rhombs which 
are contained in D(p,r) and Oj for those of the enlarged rhombs which are contained 

there. The function / is analytic in each of the domains D\ *= D(p, r) n B \ |Jz Oz and 

V' e = D(p,r) n (C \ B) \ IJz Oz and Holder continuous in the union of the closures. 
Both domains have rectifiable boundary, hence by Cauchy's formula 

The contours of integration are always oriented as boundaries of relatively compact 
domains. Note that one of the integrals in the sum above will be equal to zero. Using 
that (9B D D(p, r) % IJOz = ^ D D(p,r) = dV^ n dT>' e and orientation over this set is 
provided twice with opposite orientation we obtain 

2?" JdD(p,r) £-Z J d<)l £-Z 

I 



By Privalov's theorem J(z) extends to a Holder continuous function of order a in D(p, r) 
if a < 1 and of any order less than 1 if a = 1. The measure f(£)d£ on (J d()i is a finite 
Borel measure concentrated on a subset of (J Oj- To prove Proposition^let K n = UILi §l 
and T n {z) = J((l — \ jn)z) — Y^i=i Jl( z )> z G D{p,r) \ K n . We have to check that the 
T n converge uniformly to / on D i U T> e = D(p, r) x (J ■ Oj- To obtain a uniform estimate 
of J\ on D(p,r) x 0; we use that for z £ Oz the Cauchy type integral of the constant 
function f(z) with pole at z along d()i vanishes. We get for z € D(p,r) x Oz 

| JlWM -L/ mzMnscf 



Let N > n he a natural number and let z £ -D(p, r) \ IJ^n Then 



n<KN 



Represent the contour of integration on the right hand side as the union of its part Ar 
contained in B and its part A^ contained in C \ B. Each of the parts is the graph of 
a Lipschitz continuous function over a subset of (OB) n D(p,r) with uniform estimate 
for the Lipschitz constant (which depends on the angle of the truncated non-tangential 
cones contributing to Di and D e ). For a point £ ^ we denote by (' its radial projection 
to the circle, £' = C/ICI- Using the inequality |£ — z| > const |£' — z'| and estimating the 
arc- length on AjJ~ and on A^T by arc- length of the radial projection we obtain 

E i J ^)i ^ c l _\i'-zr- l \dd'\< 

n<i<N ™U ( > n 0, 

/• N _ 

< C le^-ll^Ve^l, ^ € D{p,r) \ (J Oz- 

where 7 n is the arc of the circle which is symmetric around the point 1 and has length 
mesi(<9B n Uz>n ^l)- Since a > the right hand side converge to zero for n —* oo. This 
proves the proposition. □ 



For a domain G C C, a Borel subset £ of <9G and a point z £ G we denote by u(z, £, G) 
the harmonic measure of £ with respect to G computed at the point z. 
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Proof of Theorem^ Let V = D(p, r) \ U, where U C C \ D is open and thin at p. We 
will first obtain a harmonic measure estimate. Let p > be small enough and such that 
{\z — p\ = p} n U = 0. Since U is thin at p such p exists. Let J be a closed subarc 
of dD(p, p) contained in D. Decreasing p we may assume that the length of J is at 
least 5np/6. Let K n be an increasing sequence of compact subsets of U, each K n being 
the finite disjoint union of closures of simply connected domains. Then D(p,r) \ K n 
is connected. We claim that if p is small enough there exists a number r\, < n < p 
and an open set U% D U D D(p, p), which is thin at p such that the following harmonic 
measure estimate holds: 

(2.1) u(z, J,D(p,p) \ K n ) > - for each z EVi = D(p,n) \ f7i and each n. 

In fact, since U is thin at p there is a subharmonic function IA in a neighborhood of p 
which is finite at p and tends to — oo along the set U. Taking p small enough and adding 
a constant to U we may assume that U is defined and < in D(p, p). Multiplying U by 
a positive constant we may assume that U{p) > —1/12. Taking p small enough, we may 
assume that U < — 1 on U ClD(p,p). Then 

(2.2) u(z, J, D(p, p) \ K n ) > u{z, J, D{p, p)) + U(z), z£Dip,p)\K n . 

Indeed, the boundary of Dip, p) \ K n is smooth, hence regular for the Dirichlet problem. 
The left hand side is harmonic in this domain and extends continuously to all but two 
points of its closure, the right hand side is subharmonic in the domain, bounded from 
above and its boundary values at all but two points are majorized by those on the left 

def 

hand side. Denote by U± the set U± = {z G D(p,p) : U(z) < —1/12}. U\ is open and 
since U(p) > —1/12 the set U\ is thin at p. Clearly U\ D U ClD(p, p). By the assumption 
on the length of J we have oj{p, J,Dip,p)) > 5/12. Let r\ G (0, p) be so small so that 

(2.3) u(z, J, Dip, p)) > — for z G Dip, n). 
Then by (J22J), the definition of Ui and by (l2~8j) 

4 11 def 

u(z, J, Dip, p) \ K n ) > Y2~T2 = 4 for2:G D<yPl Tl ' X Ul = Vl f ° r each U ' 
()2.1|) is proved. 

Suppose now that / has fine analytic continuation T at p to a fine neighborhood 
V = Dip,r) \ U, i.e. there exist analytic functions T n in neighborhoods Ui^n) 
of V which converge uniformly to T on V. Shrinking the neighborhoods U(J- n ) we 
may always assume that supmjT^ < C for all n and a constant C > 1. Since 
[/ is simply connected one can choose an increasing sequence of compact subsets K n 
of U, each being the finite disjoint union of closures of simply connected domains 
such that D(p,r) \ K n C Ui!F n ). Hence T n are analytic in D(p,r) \ K n and con- 
tinuous in Dip, r) \ K n and their maximum norms in these sets are bounded by the 
constant C . Take p, r% and V\ as above. Fix an arbitrary point z G V\ and define 
Qn,zii) = F n {£) + F(z) ~ Fn(z), £ £ D(p,r) \ K n . Then Q W;2 are analytic and uni- 
formly bounded on D(p,p) \ K n and continuous on D(p, p) \ iC n , Q n , z {z) = •^ r (^) ) and 
Qn,2 - > J~ uniformly on V for n — > oo. 

Let B be a ball in C 2 which contains the graphs Tq u z (D(p, r) \ K n ) for all n and z. Fix 
z G Vl. Let u be a plurisubharmonic function in C 2 which equals — oo on r/(B). Adding 
a constant, we may assume that u < in B. J C V fl B and for large n the set Fq uz (J) 
is uniformly close to Tj(J) = r^r(J). Since u is upper semi-continuous for each large iV 
there exists n such that w(C)Qn,z(0) < — f° r £ £ J- The function £ i— > w(C)Qn,z(0) 
is a negative subharmonic function on Dip,p) \ ET ra which is upper semi-continuous on 
the closure of this set, hence by the estimate of harmonic measure we obtain 

N 

(2.4) u(z,F(z))=u(z,Q n M) < -Nuiz,J,Dip,p)^K n ) < -—. 
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Since N was arbitrary we obtain u(z,J-(z)) = — oo for all z G V\ if u = — oo on Tj(D). 

o 

Suppose now that Inty \ B has a connected component V which is non-thin at p. Then 

o o o o 

Vf\V\ = VnD(p,ri)\Ui is non-thin at p (since V C (VnD(p, r 1 )\t/ 1 )U{|^-p| > njUC/i 

o 

and the last two sets are thin at p). Hence V fl V\ is not polar, and therefore, since T 

o o 

is analytic on V, ry(V) is contained in the pluripolar hull of r"y(B). 

Suppose U \ B is thin at p. There exist arbitrarily small numbers p > such that 
{\z — p\ = p} does not meet U \ B, hence for those p the set {\z — p\ = p} fl {\z\ > 1} 
is contained in the complement of U \ B in C \ B, namely in Inty fl {\z\ > 1}. There 
cannot be two disjoint open connected subsets of C \ B for which p is an accumulation 
point, which both contain half-circles {\z— p\ = p}(~}{\z\ > 1} for some positive numbers 
p. Since the open set C \ (B U U) is not thin at p it has exactly one such component 
and this component is non-thin at p. Theorem ^ is proved. □ 

The proof of Theorem |2] is a slight modification of the proof of Theorem ^ We will omit 
it. 

Proposition 3. Suppose the continuous function T on a closed neighborhood V = 
D(p,r) n U of p is finely analytic at p. Suppose 7 : [—1, 1] —* C is a smooth arc with 
7(0) = p which divides D(p,r) into two connected components D + (p,r) and D_(p,r). 
Then there is a smaller fine neighborhood V\ of p such that ^F\D + {p,r)rWi * s uniquely 
determined by ^F\D-{p,r)r\V ■ 

Proof. It is enough to show that if T is finely analytic at p on V and J r \D.(p,r)nv = 
then J-'lvi is equal to zero for some fine neighborhood V\ C V of p. As in the proof of 
Theorem ^ there exist compact subsets K n of U, each being the finite disjoint union 
of closures of simply connected domains and analytic functions T n on D(p,r) \ K n 
which are continuous onD(p,r)\ K n and uniformly bounded by a constant C > 1, and 
converge to T uniformly on V. Let J be a closed arc of a circle dD(p, p) for some p > 
which is contained in D_(p, r) n V and has length at least 57rp/6. Since T = on J, the 

numbers e n = maxj \ J~ n \ are less than 1 for n > uq and tend to zero for n — > 00. The 
same arguments as in the proof of Theorem ^ give a number r\ > and an open set XJ\ 
which is thin at p and a harmonic measure estimate analogously to (|2.1|) such that the 
Two-constant Theorem gives for z € V\ = D{p,r\) \ U\ and all n > uq 

log|.F n (;z)| < log e n • u(z, J, D(p, p) \ K n ) + 

+ logC-(l-u(z,J,D(p,p)^K n ))< 

< log e n • - + log C. 

Hence J~(z) = lim^^oo T n {z) = for z G Vi. □ 

Proof of Corollary^ By Proposition^ f\£> i has fine analytic continuation to a set V\ = 
D(p,r±) \ U\ C Di U D e for some r\ > where U\ is an open set which is thin at p. 
Moreover, this fine analytic continuation equals /|vi- The domain D e is non-thin at p, 
since D e contains D(p, p) n {|^| > 1} \ U, where U is thin at p. By Theorem Hrj(Vi) is 
in the pluripolar hull of Tf(Di), and hence, as in the proof of the second part of Theorem 
Tf(D e ) is contained in the pluripolar hull of Tf(Di). □ 

Proof of Corollary^- Let IJ^ Ii be a union of disjoint open arcs on 5B such that Ii is 
dense on <9B, its linear measure is < 2tt and [J t I\ is thin at 1. Let G C B be a Jordan 
domain whose boundary 7 is a smooth, nowhere analytic curve with <9B \ 7 C |J; Oz, 
where the 0/:s are similar rhombs corresponding to the arcs // like in Section ^ Let / be 
a conformal mapping of G onto B. / extends to a smooth homeomorphism of G onto B. 
Since 7 is nowhere analytic / and its inverse / _1 do not have analytic continuation across 
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any part of the boundary of their domain of definition. However by Schwarz reflection 
principle / admits pseudo continuation across the set £ = <9B \ (J, Ii and hence extends 
to a function in A{Di U D e ) for suitable domains Di and D e of the kind described 
before the statement of Theorem ^ Note that the extended function is also univalent. 
By Corollary n the pluripolar hull of Tf(Di) (hence of Tf(G)) contains Tf(D e ). The 
graph of / over the subset G in the z-plane, = {(z,w) G C 2 \z G G,w = f(z)}, 

can be considered as the graph of its inverse function over the set B in the u>-plane, 
{(z,w) G C 2 \w eB,z = f~Hw)}. The Corollary follows. □ 

3. Points which are not in the pluripolar hull 

In this Section we will prove Theorem |31 For the proof it will be convenient to use the 
following known results. 

Let Q be a pseudoconvex domain in C . In |LePoj the negative pluripolar hull is defined 
as 

E n d = f f> G : u{z) = -oo}, 

where the intersection is taken over all negative plurisubharmonic functions in f2 that 
are — oo on E. The following relation between the negative pluripolar hull and the 
pluripolar hull holds (see "l.el'ol ) . 

Theorem 5. Let Q be a pseudoconvex domain in C . Let be an increasing sequence 
of relatively compact subdomains of Q with \Jj IX, = ft. Let E C 0, be pluripolar. Then 

E* u = \J(Enn j )n, 

3 

For a subset E C $7, the pluriharmonic measure at a point z G fi of E relative to f2, is 
defined as 

(3.1) W(z,E,Q) = — sup{u(z) : u is plurisubharmonic in $7 and u < — xe}, 

where \e is the characteristic function of the set E. The relation between the negative 
pluripolar hull and pluriharmonic measure is given in the following Theorem |LePoj . 

Theorem 6. Let Q be a domain in C N and let E C fi be pluripolar. Then 

E n ={z£Q: W(z,E,tt) > 0}. 

The following theorem was recently proved by Wiegerinck and Edigarian in Ed Wi3j . 

Theorem 7. Let Q be a pseudoconvex open set in C N and let E C 0, be a F a pluripolar 
subset. Assume that E is connected. Then E^ is also connected. 

In jZerj A. Zeriahi proved the following Theorem: 

Theorem 8 (Zeriahi). Let Q be a pseudoconvex domain and F a pluripolar subset of 
Q of type F a and let E be a closed subset of Q such that E D FX. Then there exists a 
plurisubharmonic function u onQ, which is continuous and > — oo on£l\E and = — oo 
on F. 

For a natural number j we denote by Mj the (open) ball of radius j and center in C 2 . 
The key in the proof of Theorem |31 is contained in the following Lemma. 

Lemma 2. Let f be analytic in B and let K be a closed disk in B. Choose jo so that 
Tf(K) C Bj . Put E = (ry(B))^ 2 , let j > jo and consider the compact set Ej = E PiMj 
and the open set Uj = C \ ix\ {Ej). Suppose p G <9B is non-thin for Uj. Then for each 
e > there exists a continuous plurisubharmonic function g in Mj, such that g < 0, 
g = — 1 on Tf(K) and g(p,w) > —e for any to£C such that (p,w) G Mj. In particular 

W((p,w),T f (K),Mj) = 

for each w G C such that (p, w) G Bj . 
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Corollary 5. Let f be analytic in B and let p G <9B. Then either {p} x C does not meet 
(r/(D))J 2 or 7Ti( (Tf(D))^2 ) is a fine neighborhood of p. 

The Corollary improves a result of EdWi3 . 



Proof of Corollary\^ Suppose ir\(E) = 7Ti( (ry(B))* 2 ) is not a fine neighborhood of p, 
i.e. U = C n tti(E) is not thin at p. Let -fT be a closed disk contained in B and let jo 
be so large that Tf(K) C Bj . Let j > jo- Since Ej = EnMj C E the set ni(Ej) is also 
not a fine neighborhood of p, i.e. the set Uj = C \ iri(Ej) is not thin at p. By Lemma 
and Theorem El for each j > jo the set ({p} x C) flBj does not meet the set (Tf(K))^, . 

By Theorem {p} x C does not meet (rj(iT))^ 2 . Since the C 2 -pluripolar hull of T f(K) 
and Ty(B) coincide the Corollary is proved. □ 

Note that the arguments of Lemma |2 may be applied in situations when B is replaced 
by another planar domain. In particular if tt\{E) is the closure of a domain, this gives 
a tool to study (rj(B))^ 2 over boundary points of the domain. We will not work this 
out here. 

Proof of Theorem^ Suppose, on the contrary, that for each point p G c?B the set U = 
C \ tt\{E) is non-thin at p. By Corollary El the set {p} x C does not meet (Tj(B))j£, 2 for 
each p G <9B. Hence by Theorem!]] (r/(B))* 2 C B x C. □ 

Proof of Lemma 03 In case p G Uj we decrease Uj by replacing it by a simply connected 
set Uj with p G dUj which is still not thin at p (e.g. cut the connected component of Uj 
containing p along a curve joining p with the boundary dUj). Put Uj = Uj if p ^ Uj. 
Then Uj C Uj is not thin at p, p ^ Uj and Uj is simply connected. Let K n C Uj be an 
increasing sequence of compacts, each of them being the finite disjoint union of closures 
of smoothly bounded simply connected domains, such that Uj = \^}K n . Then for each 
natural number n the set D n = C \ (K U K n ) is a domain. Note that D n has regular 
boundary for the Dirichlet problem. Hence the harmonic measure uj(z,dK,D n ) of dK 
for the domain D n computed at the point z G D n is a continuous function on D n which 
is harmonic on D n . 

We claim that 

(3.2) lim u(p,dK,D n ) = 0. 

n— >oo 

Indeed, extend for each n the function u;(z,dK, D n ) to the set K n by putting it equal 
to zero there. Denote the extended function by h n . h n is continuous and subharmonic 
on C \ K , it is non-negative and h n +\ < h n for each n. Hence h = lim n ^ 00 h n is 
non-negative and subharmonic on C \ K (being the decreasing limit of a sequence of 
subharmonic functions). Moreover, h = on Uj. Since Uj is non-thin at p, p is an 
accumulation point of Uj and h(p) = 0. Hence the claim. 
Let now e > and choose n so that 

(3.3) uj(z,dK,D n ) < e. 



(3.4) v(z,w) 



The function 

-u(z,dK,D n ), z G D n ,(z,w) Glj 
-1, z G K, (z,w) G Bj 

is plurisubharmonic on a large part of the ball Bj, precisely on {(z,w) G Bj : z ^ K n }. 
We want to obtain a plurisubharmonic function in the whole Bj using a standard gluing 
procedure near (dK n xC)fl Bj together with the Theorem of Zeriahi. Denote by u a 
plurisubharmonic function on Bj + i which is continuous and > — oo on Bj + i \ E (with 
E = (Tf (B))^ 2 ) and equals — oo on Tj-(B). Its existence is guaranteed by Zeriahi's 
Theorem. Adding a constant we may assume that u < on the compact set Bj C Bj+i. 



11 



TOMAS EDLUND AND BURGLIND JORICKE 



Let G n C Uj be a smoothly bounded open set such that K ri C G n C G n C Uj. (We 
think of G n being close to K n .) Let V ri be a small neighborhood of dG n such that 
dG n C V n C V n C Uj \ K n C £> n - Then there exists a positive constant 5 such that 
dK, D n ) < -5 on %. Since ^cUj = C\ ^i{Ej), the set (K X C) n% does not 
meet E, hence the function u is > — oo and continuous on this set. Multiplying u by a 
positive constant we may assume that u > — 5 on the compact subset (V n x C) fllBj. For 
(z, w) € Mj define 

(3 5) a(z w) = { U ( Z ' W ^ z eG n ,(z,w) £Mj 

v ' ' ' |^ max{/u(z,i<;),u(,z,«;)}, z ^ G n , (z, u;) G By. 

v is defined on {(z,w) E Bj : z ^ ET n } and K n C G n , hence (7 is well defined. On 
(y n x C) PlBj we have the inequality v < — 5 < u, hence g = u on (V n x C) flBj. Since u 
and v are plurisubharmonic where they are defined, the function g is plurisubharmonic 
on Bj. Since for (z,w) € rj(i^) HMj the relations u(z,w) = —00, u;) = —1 hold we 
obtain for these points g(z, w) = —1. On the other hand, since p G n , for points of the 
form (p,w) G Mj we have by (j.3.3j) 

g(p,w) > v(p,w) > -e 

The Lemma is proved. □ 
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